I. INTRODUCTION
An important class of feedback systems is that formed by cascading two subsystems, one of which is linear time-invariant and the other nonlinear. The practical nature of this class of systems has motivated extensive research over the last three decades, leading to several Manuscript received March 30, 1992; revised October 6, 1992 and November 27, 1993 . This work was supported by the Natural Sciences and Engineering Research Council of Canada. This paper was recommended by Associate Editor Martin Hasler.
The authors are with the Department of Electrical Engineering, University of New Brunswick, P.O. Box 4400, Fredericton, N.B. E3B 5A3, Canada.
IEEE Log Number 9401187.
important results [1]-[3] . Two types of stability conditions have been reported: those based on the Small Gain Theorem, which result in circle conditions in the complex plane and those based on passivity. The two approaches are conceptually different and have each lead to important results. In recent years there has been a renewed interest in systems containing parametric uncertainties, inspired by the work of Kharitonov [6] . In [9], a circle criteria was derived using small gain conditions. Dasgupta [5] proved that a linear plant, g ( s ) , is passive if the 16 Kharitonov systems associated with g ( s ) are passive. Chapellat et. al. [7] proved that to determine passivity it is actually sufficient to check eight of the 16 Kharitonov systems associated with g ( s ) , and this result was used to obtain a robust version of the Passivity Theorem. Marquez and Diduch [lo] extent the main result of Dasgupta [5] to accommodate the case of an interval plant cascaded with a fixed parameter controller. The main shortcoming of the Passivity Theorem is that it provides sufJicient but not necessary conditions for closed-loop stability and consequently leads to conservative results. This conservativism can be significantly alleviated by analyzing an equivalent feedback system which incorporates multipliers. The use of multipliers has not been exploited in previous work. Furthermore, since previous work has imposed strict positive realness conditions on certain transfer functions to ensure that passivity conditions are met [ 5 ] , [7] , [lo] , only causal systems may be considered.
The purpose of this paper is to use the Passivity Theorem to derive new absolute stability conditions using both causal and noncausal multipliers for a class of systems that consist of a linear subsystem with parametric uncertainty and nonlinear feedback. The remainder of the paper is organized as follows. In Section I1 we introduce notations and amalgamate various preliminary results. In Section I11 we use causal multipliers to derive stability conditions for a class of nonlinear systems and show that a Popov-like stability condition can be obtained as a special case. The stability results are then extended for use with noncausal multipliers in Section IV.
PRELIMINARIES

A. Definitions and Notation
The general input-output formulation will be adopted here. We collect some basic facts and clarify the notation to be used and refer the reader to references and 'H is said to be positive if it satisfies (2.2) with 6 = 0.
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An important role will be played by the concept of causality. (1) H ( s ) has no poles in the closed right-half plane, and (2.4)
(2.5)
For causal linear time-invariant systems the concepts of strict positive realness and passivity are related as follows. Let 'H be a causal linear time-invariant system defined by, 
where g(ju) denotes the Fourier transform of h(t). It is evident that 
C. Interval Polynomials
Let A be the real polynomial of n-th degree, A(s) = 6, + 51s + 62s' + . . . + Snsn. We say that A(s) belong to the family, FA, of 
Theorem 2.2: Consider the rational functions M ( s ) = n,(s)/d,(s) a n d P ( s ) = n p ( s ) / d p ( s ) , where n,(s) andd,(s)
are fired polynomials and np (s) 
STABILITY RESULTS WITH CAUSAL MULTIPLIERS
Consider the system of Fig. 1 , where H I is a linear time-invariant plant with parametric uncertainty associated with its transfer function and HZ is a nonlinear operator. The Passivity Theorem states that the closed-loop system is LZ bounded if HI and HZ are both passive, and one of them is strongly passive and has finite gain [I], [2] . To relax these requirements a multiplier is introduced into the analysis. The following result provides stability conditions for feedback systems with parametric uncertainties and a nonlinearity in the forward path. It is the least conservative result that may be obtained with a causal multiplier.
Consider the system, S, of Fig. 1 . Assume H , : L2 + L2 is nonlinear and H2: L2 + L2 is a convolution operator defined by z ( t ) = ( H z z ) ( t ) = J,'g(t - L P-'II(H1We)rl12 + (6 -P-1)ll(H1We)Tl12 -> 611(H1We)*l12
0
The next result shows that the Popov criteria is a special case of Theorem 3.1 Corollary 3.1: Consider the system, S , of Fig. 1 . Assume HI = 4 is the memoryless nonlinearity defined by, 4 : R -+ R such that 4 is continuous with 0 < (Y 5 q5(u)/u 5 P < 03 and d(0) = 0. Let HZ : Lz + Lz be a convolution operator defined by
the Laplace transform of g(t) and assume g(s) is strictly proper, Re IV. STABILITY RESULTS WITH NONCAUSAL MULTIPLIERS The multipliers used in Section I11 were assumed to be causal. Since every noncausal operator can be written as the sum of a causal and as anticausal operator [I] the use of noncausal multipliers will in general produce less conservative results and are guaranteed to never produce more conservative results than the use of causal multipliers. The objective of this section is to show how noncausal multipliers may be incorporated into the analysis. The use of noncausal multipliers requires special consideration. Notice that conditions (2.6) and (2.7) were derived under the assumption that ' 7-L was causal. Tf an operator is not causal then strong positivity does not imply SPR. Systems, KI,/Kb, j , k = 1 , 2 , 3 , or 4 V. CONCLUSION In this paper we have derived stability conditions for a class of systems comprised of two subsystems; one which is linear with uncertain coefficients and the other nonlinear. The conditions require consideration of either 16 Kharitonov Systems or 16 of the 32 Kharitonov Segments associated with the linear subsystem and the selection of a suitable noncausal multiplier. Since the general case was considered, i.e., stability in the presence of noncausal multipliers, the results of this paper are of the most general available for stability analysis.
